HAAGERUP APPROXIMATION PROPERTY FOR QUANTUM 
REFLECTION GROUPS 



FRANgOIS LEMEUX 

Abstract. In this paper we prove that the duals of the quantum reflection 
groups have the Haagerup property for aU A'^ > 4 and s G [l,oo). We 

use the canonical arrow tt : C(-ff^) — > C{S^) onto the quantum permutation 
groups, and we describe how the characters of C{H^) behave with respect 
to this morphism tt thanks to the description of the fusion rules binding irre- 
ducible corepresentations of C{H^) ([4]). This allows us to construct states 
on the central C*-algebra C(H^)o generated by the characters of C{H'^) 
and to use a fundamental theorem proved by M.Brannan giving a method 
to construct nets of trace-preserving, normal, unital and completely positive 
maps on the von Neumann algebra of a compact quantum group G of Kac 
type (El). 



Introduction 

A (classical) discrete group F has the Haagerup property if (and only if) there is 
a net (tpi) of normalized positive definite functions in C'o(T) converging pointwise 
to the constant function 1. There are lots of examples of discrete groups with 
the Haagerup property: all amenable groups have this property. The free groups 
Fn are examples of discrete groups with Haagerup property (see |13j ) but which 
are not amenable. Thus, one says that the Haagerup property is a weak form 
of amenability. This property is also known as a "strong negation" of Kazhdan's 
property (T): the only (classical) discrete groups with both properties are finite. 
Another weak form of amenability is the weak amenability, see below for examples 
in the quantum setting. One can find more examples and a more complete approach 
to the problems and questions related to the Haagerup property, also called "a-T- 
amcnability" , in |9j. 

The Haagerup property has many interests in various fields of mathematics such 
as geometry of groups or functional analysis. We can mention e.g. groups with 
wall space structures (see [10] and ^ ) as illustrations of the interest of Haagerup 
property with respect to the theory of geometry of groups. In ftmctional analysis, 
Haagerup property appears e.g. in questions related to the Baum-Connes conjecture 
(see [14]) or in Popa's deformation/rigidity techniques (see 16 ). 

In [6] , a natural definition of Haagerup property for compact quantum groups G 
of Kac type is proposed: G has the Haagerup approximation property if and only 
if its associated (finite) von Neumann algebras L°°{G) has the Haagerup property 
(see also below. Definition II. ip . We use this definition with the slight modification: 
the dual G of G has the Haagerup property if L°° (G) has the Haagerup property, 
so that this definition is closer to the classical case where G is a classical discrete 
group. The author of [12] proposes another definition for the Haagerup property 
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of discrete quantum groups: G has the Haagerup property if there exists a net (ai) 
in co(G) which converges to 1 pointwise and such that the associated muhipUers 
niai are unital and completely positive. These approaches are equivalent in the 
unimodular case. 

In [5] and [7], the author shows that the duals of the compact quantum groups 
O^, and S*^, introduced by Wang (see T9 and [211) have the Haagerup prop- 
erty. In fact, in [7], it is proved that any trace-preserving quantum automorphism 
groups of a finite dimensional C* -algebra has the Haagerup property. In [T^ . 

using some block decompositions and Brannan's proof of the fact that has 
the Haagerup property (precisely that some completely positive multipliers can be 

found), the author proves that is weakly amenable (in fact, it is also proved 

in [12] that the [/^ C Z * is weakly amenable, and an argument of monoidal 

equivalence allows to prove, in particular, that is weakly amenable too). In [llj . 
a definition of property (T) for discrete quantum groups and some classical proper- 
ties for discrete groups are generalized, for instance: discrete quantum groups with 
property (T) are finitely generated and unimodular. 

The aim of this paper is to prove that the duals of quantum reflection groups 
Hp~ , introduced in [I], have the Haagerup property. It is a natural generalization 
of the case s — 1 treated in [7] (since — S^). However, this generalization is 
not immediate: as a matter of fact, the sub C*-algebra generated by the characters 
is not commutative so that the strategy used in [B] and [7| does not work anymore. 
However, a fundamental tool of the proof of the main result of our paper is [5J 
Theorem 3.7]. 

What motivates our paper is also the fact that quantum reflection groups are free 
wreath products between and (see [5] and Theoreni ll . 1 7l below) and the result 
proved in our paper naturally leads to the following question: is it true that if F is a 
discrete group has the Haagerup property then T S*^ has the Haagerup property 
? One can notice the similarity with the result in |10) concerning (classical) wreath 
products of discrete groups: If r,r' are countable discrete groups with Haagerup 
property then F ; V also has Haagerup property. This similarity is however formal: 
in our paper we are considering (free) wreath products of groups whose duals have 
the Haagerup property. 

Our proof of the fact Hp' have the Haagerup property relies on the knowledge 
of the fusion rules of the associated compact quantum group Hp' , determined in 
[3] . Indeed, there is no general result about fusion rules for free wreath products of 
compact quantum groups yet. 

The rest of the paper is organized as follows. In the section [1] we recall the 
definition of the Haagerup property for compact quantum groups of Kac type and we 
give the result of Brannan concerning the construction of normal, unital, completely 
positive and trace-preserving maps on L°°{G) (see Theorem II. 2p . We also give a 
positive answer to a question asked in [52], in the discrete and Kac setting case, 
concerning symmetric tensors with respect to the coproduct. Then we collect some 
results on Tchebyshev polynomials: some are already mentioned and used in ^6], 
but we give suitably adapted statements and proofs to our purpose. Thereafter, 
we recall the definition of quantum reflection groups Hp' , and we describe their 
irreducible corepresentations and the fusion rules binding them. We also recall that 
at s = 1, we get the quantum permutation groups S^. In section [2l we identify 
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the images of the irreducible characters of C{H^) by the canonical morphism onto 
C(S']^). In the section [3l we prove that the duals of the quantum reflection groups 
Hp^ have the Haagerup approximation property for all > 4. 

1. Preliminaries 

Let us first fix some notations. One can refer to [5], [TS], [H] and [53] for 
more details. In this paper, G = (C(G), A) will denote a compact quantum group, 
where C(G) is a full Woronowicz C*-algebra. Furthermore, every compact quantum 
group G considered in this paper is of Kac type (or equivalentely, its dual G is 
unimodular) that is: the unique Haar state h on C(G), is tracial. (We recall that 
L°°(G) is defined by L°°(G) = C,.(G)" = TTh{C{G))", where {L^{G),Trh) is the GNS 
construction associated to h). 

1.1. Haagerup property for compact quantum groups of Kac type. 

Definition 1.1. The dual G of a compact quantum group G = (C(G), A) of Kac 
type has the Haagerup approximation property if the finite von Neumann algebra 
(L°°(G),/i) has the Haagerup approximation property i.e. if there exists a net {(fix) 
of trace preserving, normal, unital and completely positive maps on _L°°(G) such 
that their unique extensions to L^(G) are compact operators and {4>x) converges to 
«dLoo(c) pointwise in L^-norm. 

One essential tool to construct nets of NUCP trace preserving maps is the next 
theorem proved in [6]. We will denote by /rr(G) the set indexing the equivalence 
classes of irreducible corepresentations of a compact quantum group G and by 
Po/(G) the linear space spanned by the matrix coefficients of such corepresentations 
m",q; G /rr(G). If a G /rr(G), let L'liG) C L^(G) be the subspace spanned by 
the GNS images of matrix coefHcients ufj, i,j G {l,...,da} of the irreducible 
unitary corepresentation u" {da — dim(u^)) and Pa ■ L^(G) -> ^^(G) be the 
associated orthogonal projection. Then L^{G) = P — ®aeirr(G) ^ai'^)- We denote 
by C(G)o C C(G) the C*-algebra generated by the irreducible characters Xa — 
Y^fZi ufi of ^ compact quantum group G. 

Theorem 1.2. [6j Theorem 3.7] Let G = (C(G), A) be a compact quantum group 
of Kac type. Then for any state ip G C{G)q, the map 

aelrr(G) 

is a unital contraction on L^(G) and the restriction of T^, to L°°(G) defines a 
NUCP h-preserving map still denoted T^. 

The averaging methods used to prove this theorem allow us to answer, in a 
restricted setting, to a question asked in j^ . 

Let G = (C(G),A) be a compact quantum group. Then consider the C*- 
subalgebra C(G)ccntrai '■— {a G C(G) : A(a) = S o A(a)} i.e. the C*-subalgebra of 
the symmetric tensors in C(G) (g) C(G) with respect to A (S denotes the usual flip 
map E : C(G) ® C(G) C(G) (g) C(G),a b®a). In [12], the author also 
defines /'oZ(G)contrai '■— {a G Pol{G) : A(a) = S o A(a)}. We recall the question 
asked by Woronowicz (see [22] thereafter Proposition 5.11): 

Question 1.3. Is Po^(G)contrai dense in C(G)ccntrai (for the norm of C{G)) ? 
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Then the answer is yes, at least in the Kac and discrete setting. We simply 
denote by ||.|| the norm on C(G). It is clear, and proved in |22) . that -Po^((G) central — 
spanlxc : a € Irr(G)} where Xa = denotes the character of an irreducible 

finite dimentional corepresentation (ufj). So the problem reduces to prove that 
C('G)contrai C spasl ' ' ' ' {xq : a e Irr{G)}, the other inclusion being clear. 

Theorem 1.4. Let Gr — (C(Gr),Ar) be a compact quantum group of Kac type 
with faithful Haar state. Then /'oZ(Gr)ccntrai ' " = C(Gr)ccntrai- 

Proof. We first note that A,, preserves the trace in the sense that /i) o = h. 
As a result the hilbertian adjoint A* is well-defined and we have ||A*(a;)|| < ||x|| for 
X S C(Gr) ®C{'Gr) with respect to the operator norms (note that this is particular 
to the tracial situation). Since A* clearly maps the subspace PoZ(Gr) (8) Po^(Gr) of 
L^(Gr) ® L'^{Gr) to Pol{Gr), it also restricts to a contractive map from C(Gr) (8) 
C(G^) to C(G^), stiU denoted A*. Now we put = A; o Eo A^ : C(G^) ^ C(G^). 
We have \\E\\ < 1, and for a e C(Gr)contrai, £'(a) = A* o Ar{a) ~ a so that 

C(Gr)ccntral C E{C{Gr)). 

But, on the other hand, for any matrix coefficient of a finite dimensional unitary 
corepresentations (ufj), we have 

Eiu'^) = a: o S o Ariuf^) = a; o E uf, ^ ut,^ = a; ut, <fe j . 



We compute A* (^f. u'^j (8 using the duality pairing induced by the inner 
product coming from the Haar state h: let /3 E Irr{Gr), then for all 1 < p, g < dp: 



\ k J I h l,k 



Then summarizing, we have E{uf^) = -^Xa £ Po^(G,.) central, \\E\\ ~ 1 and 
^|po/(Gr)ccntrai = Thus wc obtalu a conditional expectation E : C(Gr) — 

Po/(Gr) central" " = Spanll-ll{Xa : O. G /rr(Gr)}. But we have C(Gr)central C 

E{C{Gr)) and the resuh follows. □ 

Notation 1.5. We will denote by PoI{G)q and C(G)o the central ^-algebras and 
C* -algebras generated by the irreducible characters of a compact quantum group G. 



1.2. Tchebyshev polynomials. 

Definition 1.6. We define a family of polynomials {At)ten as follows: Ao = 
1, Ai — X and for all t > 1 

(1.1) AiAt ^ At+i + At-i. 

We call them dilated Tchebyshev polynomials of second kind. 
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We will use the following results on Tchebyshev polynomials At . The second one 
is based upon a result proved in i6j Proposition 4.4], but suitably adapted to our 
purpose. 

Proposition 1.7. for all t,s>l we have: AtAg = At+s + At-iAg-i 

Proof. This result is easily proved by induction on i > 1. □ 

Proposition 1.8. Let N > 2. For all x £ (2, N), there exists a constant c G (0, 1) 
such that for all integer t > 1 we have 



At{N) 

Proof. First, we follow the proof of [SJ Proposition 4.4] and introduce the function 
q(x) ^ ^iVxEEI^ for X > 2. Then an induction and the recursion formula for 
the polynomials At show that for alH > 0, we have 



q{x) - q{x) 1 

Then using the same tricks as in [6], we get that for all fixed x G {2,N) and all 
t > 1 

At{x) ^ q{xY+' ^ q{x)-'-' q{N)-q{N)~^ 
At{N) g(7V)*+i - g(iV)-*-i q{x)-q{x)-^ 

1 + 



l-qjxy-^ l-q{Ny 
— I 1 - g(iV)-2^'-2 l-q{xy 



Furthermore, we have 



Now notice that the factor i_g'(jv)-2w-2 is less than 1 because q is increasing. 



1 - 



^ ^ 1 - q{N)-^ ^ ^ 



1 _ 4 / 1 — q{x) 2 t->oo 



— ^ 

since the last factor does not depend on t and — ^1 < 1. Hence, there ex- 

ists to such that —— — - < ( — ) for all t > tn- It remains to show that there 
At(N) ~ \N) 



exists c € (0,1) such that ^ ^ < for all t = l,...,<o — 1, since for 



At{N) 

At{x) 
At{N) 

all < t < to, j < (^-^j ■ To prove that such a c exists, we notice 

that max | aI{N) :i = l,---i^o^l| '■= D < 1 since the Tchebyshev polynomials 
are increasing on {2, +00). Hence, it is clear that we can find c > such that 

(^) 



> D. a 
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Remark 1.9. (1) In 6, Proposition 6.4], the exponent is better (there is no 
constant c) but there is a constant multiplying (^^^ • Our version allows 
an easy proof of Proposition \3.3\ below. 
(2) The previous proposition gives information on the behavior of the dilated 



Tchebyshev polynomials on (2,+oo); the quotient 



Atix) 



has an exponen- 



At{N) 

tial decay with respect tot>l. We will also need some informations on this 
quotient when x € (0, 2) and N — 2. That is the aim of the next paragraph. 

The polynomials At are linked to the Tchebyshev polynomials of second kind 
Ut by the following formula Vt G N, a; e [0,l],At(2x) = Ut{x). Indeed, we recall 
(see [17] for more details) that the Tchebyshev polynomials of second kind Ut are 
defined for all x € [—1, 1] by 

sin((t + 1) arccos(.T)) _ sin((t + 1)6') 



(1.2) 



Ut{x) 



with X — cos{6). 



a;2 sin(6') 

In particular, = 1, Ui{x) = 2x and for aU t e W,Ut{l) ^ t + 1. Then one 
can check that for alH e N and x G [0, 1]: 2xUt{x) = Ut+i{x) + Ut-i{x). 

Proposition 1.10. Let x £ (0, 2). Then for any integer t > 1 



Atix) 



At{2) 



1 



t + 1 



sin((< + 1)6*) 



with X ~ cos{9). 



sm{0) 

In particular, there exists a positive constant D < 1 such that Vi > 1, 



Atix) 



Ati2) 



< D 



Ati2) 



as t ^ oo. 



Proof. First, by what we recalled above, we can write 



Thus, if a; = 2 cos(6'), we have by the relation (|1.2p above 



Atix) ^ CM!) _ CM!) 

At (2) Util) 



t+1 



Atix) 



Ati2) 



1 



t+l 



sin((t + 1)6*) 



0. 



sin(6') 

On the other hand, on [0, 1], the polynomials Ut,t > 1 have t + 1 as a maximum, 
only attained in 1. Then, it is clear that for alH > 1 and x € (0, 2): 

Atix) 



< 



Ati2) t+1 
So the existence of the announced constant D is clear. 



□ 



1.3. Quantum reflection groups. In this subsection, we recall the definition of 
quantum reflection groups Hp' and the particular case of the quantum permutation 
groups S^. We also recall that CiHp') is the free wreath product of two quan- 
tum permutation algebras. In the end of this subsection, we recall the description 
of irreducible corepresentations of CiH^) together with the fusion rules binding 
them. 

Definition 1.11. [1] Definition 11.3] Let N > 2, s > 1. The quantum reflection 
group Hp' is the pair (C(-ff^), A) composed of the universal C* -algebra generated 
by N'^ normal elements Uij satisfying the following relations 
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(1) U = [Uij) is unitary, 

(2) *[/ = (Uji) is unitary, 

(3) pij = UijU*j is a projection, 

(4) =P^J 

together with the coproduct A : C{H^) C{Hp') (g) C{H^) given by 

k 

Remark 1.12. 

(1) For s = 1 we get the quantum permutation group S^. The definition of S*^ 
thus may be summed up as follows (see also j20) ); 5*^ is the pair (C(S'^), A) 
where 

(a) (7(5*^) is the universal C* -algebra generated by elements Vij such 
that the matrix v = (vij) is unitary and Vij = v*j = v'^j (i.e. v is a 
magic unitary). 

(b) The coproduct is given by the usual relations making of v a corepre- 
sentation (the fundamental one) ofC{S^). 

(2) For s = 2, we find the hyperoctahedral quantum group, i.e. the easy quan- 
tum group studied e.g. in |21j . 

(3) There is a morphism C{Hp') — >■ C{S^) of compact quantum groups: one 
only has to check that the generators Vij of C{S^), satisfy the relations 
described in Definition ll.lU which is clear. 

Notation 1.13. We will denote by tt : C{H'^^) C{S^) the canonical arrow 
mentioned in the remark above. 

Here are the results concerning the irreducible corepresentations of C{S^): 

Theorem 1.14. [3l Theorem 4.1] There is a maximal family of pairwise 

inequivalent irreducible finite dimensional unitary representations of such that: 

(1) v^^^ = 1 and V is equivalent to 1 (B v^^\ 

(2) The conjugate of any w^*-* is equivalent to itself that is v 

(3) The fusion rules are the same as for S0{3): 

2 inin(s,f ) 
k=0 

We denote by Xfc = J2i=i '^iP character associated to v^''\ 
We will need the following proposition, proved in [7]: 

Proposition 1.15. Let x be the character associated to the fundamental corep- 
resentation v of C{S^). Then, X* = X and there is a ^-isomorphism C*(x) = 
^{^n)o = C*(xt : t G N) ~ C([0, A^]) identifying Xt to the polynomial defined Ht 
&?/ Ho = l,ni = X - 1 andyt > l^UiRt = Ut+i -\-Ut -\-Tlt-i. 

Remark 1.16. (1) The recursion formula defining the polynomials Ht is the 
one satisfied by the irreducible characters Xt- 
(2) The polynomials At and Ht are linked by the formula: lit (a;) = ^2i(v^)- 

Before describing the fusion rules of C{Hp^), we recall that this compact quan- 
tum groups are free wreath products: 
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Theorem 1.17. (4l Theorem 3.4] Let N > 2, then we have the following isomor- 
phisms of compact quantum groups: 

- C{H'+) ~ C(Z,) *^ C{S+) - C*{Z*/) * C{S+)/ < [z„ V,,] = > where 
is the generator of the i-th copy Zg in the free product Z*^. 

- In particular C{H^+) ~ C(Z,) *^ C{Z2), C{HI+) ~ C(Z,) C(53). 

Let us now give the description of the irreducible corepresentations of C{Hp'). 

Theorem 1.18. [H Theorem 4.3, Corohary 6.4] C(i7^+) has a unique family of 
N -dimensional corepresentations (called basic corepresentations) {Uk ■ k € Z}, 
satisfying the following conditions: 

(1) Uk = (Uij) for any fc > 0. (4) Ui,. . . , Us-i are irreducible. 

(2) Uk = Uk+s for any A; e Z. (5) Uq ^ 1 ® po, po irreducible. 

(3) Uk = U_k for any keZ. (6) Pq, Ui, . . . , Us-i are inequiva- 

lent corepresentations. 

Notation 1.19. We will denote the basic irreducible corepresentations of C{H^) 
by Pt, t G {0, . . . , s — 1}, with pt = Ut yt {1, . . . , s — 1} and Pq = Uq Q 1 (where 

Uo = 

The proof of the first three assertions follows from the definitions of corepresen- 
tations in a compact quantum groups and of the definition of C{Hp'). The proof 
of the last three assertions is based upon Woronowicz's Tannaka-Krein duality (see 
and methods inspired by [2], [5] and [I]. Now, we can give the description of 
the fusion rules: 

Theorem 1.20. [1 Theorem 8.2] Let M be the monoid M ^ {a,z : z"" ^ 1) with 
involution a* = a, z* = z~^, and the fusion rules obtained by recursion from the 
formulae 

(1.3) vaz^ (8) z-'aw = vaz'^^aw ® {v (8i w) 

Then the irreducible corepresentations r^ of C{Hp^) can be indexed by the ele- 
ments a of the submonoid S generated by the elements az^a, i — 0, . . . , s — I, with 
involution and fusion rules above. 

Remark 1.21. 

(1) S is composed of elements a^^ z'^^ . . . z'^^-ia^^ with 

- Ji,Li> integers. 

- Li, Lji odd integers and all the Li's, i {2, . . . , K — 1} even integers. 

- Except if K = 1, then Lk is an even integer. 

(2) With this description, we can identify the basic corepresentations introduced 
above: the corepresentation r^^ is the corepresentation po = iUijU*j) Q 1 
and for t 0, raz^a is the corepresentation pt = (Ufj). 

(3) In Provosition \2.1[ we will use the suggestive notation 

vaz^^^aw — vaz^ (g) z^aw Q 6i+j,o{v (g) w), 

which simply means that we have the relation il.3]) in the monoid S. 

We end this subsection by the following proposition which summarizes the results 
above: 
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Proposition 1.22. The canonical morphism vr : C{H'^) — > C{S^) maps all the 
corepresentations Ut,t G Z onto the fundamental corepresentation v of C{S^) ; in 
other words, it maps all pt = Taz^a^i 7^ onto v and po = Ta"^ onto u^^^ 



2. Characters of quantum reflection groups and quantum 
permutation groups 

As announced in the introduction, we find tlie images of tlie irreducible cfiaracters 
of C{Hfj^) by the canonical morphism tt : CiHp') C{S'^). 

Proposition 2.1. Let Xa be the character of an irreducible corepresentation ra of 
C(iJ^+). Write a = a^^ z^' . . . z^^-^a'" . Then, identifying C{S^)o with C{[0,N]), 
the image of Xa, say Pa, satisfies: 

k 

Proof. We shall prove this proposition by induction on the even integer i^^^i h us- 
ing the description of the fusion rules given by Theorem ll.20[ the recursion formula 
satisfied by the Tchebyshev polynomials, Proposition II . 71 and ProDOsition ll.221 

Let HR(A): 7r(xa)(^^) = Hj^Li ^i.(^) for any a = a^^z^^ . . . z^^-ia'" such that 
2<J:^h<X. 

Let us begin by studying simple examples (and initializing the induction). 

Consider the element aza. Then, the irreducible corepresentation raza (written 
pi in Notation 11.191) is sent by tt onto v = 1 (B u^^-* by Proposition 11.221 Thus, in 
term of characters, we obtain by Proposition II. 151 

7^iXaza){X) = 1 + (X - 1) = X = AiiX) 

i.e. 

PazaiX^) = X^ = Ai{X)Ai{X). 

Actually, this holds for all elements a = az^a, j G {l,...,s — 1} (since every 
irreducible corepresentation razia is sent by tt onto 1 © v^^\ as Vaza)- 

Consider the element a^. Then, the irreducible corepresentation r(j2 (written pQ 
in Notation ll.igp and is sent by tt onto v'-^h Thus TT{xa^){X) = X — 1. i.e. 

Pa2{X^)^X^-l = A2{X). 

To prove HR(2) one has to show that TT{xa2){X'^) = A2{X) and TT{xaz3a){X^) = 
AiAi{X) for all j G {1, . . . , s — 1}, what we have just done above. 

Now assume HR(A) holds: 7r(x/3)(X^) = l\z=i (^) for any /? = a'^z^i . . . z^^-^a'-" 
such that 2<Y.^li<X. Show HR(A + 2). 

Let a = a^^z''^ . . . a^^, with = A -t- 2. In order to use HR(A), we must 

"break" a using the fusion rules as in the examples above. Then, essentially, one 
hast to distinguish the cases Lk = 1, Lk = 3 and Lk > 5 (in the case Lk > 5 we 
can "break a at a^'^" but in the other cases we must use a^'^-^ or a^^-^ if they 
exist, that is if there are enough factors a^'). So first, we deal with two special cases 
below, in order to have "enough" factors in a in the sequel. We use the fusion 
rules described in Theorem 11.201 (and the notations described after, see Remark 

[HID. 
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- li K = 1 i.e. Lk = X + 2, = Vi, write: 

a = (g) e a^~^ (g) a = (g) e G a^"^. 

Then using the hypothesis of induction and Proposition [TT71 we get 

7r(xo)(X2) = AMX) - A^{X) - A^_,{X) 
= AxA2iX) - (AxiX) + Ax-2iX)) 
= AxA2{X) - Ax-iAi{X) 
^Ax+2iX). 

(Notice that if A = 2 one has A — 2 = and — a'^^a^Qa^a = 
(g) G 1 so that the result we want to prove then is stiU true.) 

- If if = 2, J := Ji 7^ 0, write a = a^^z-^a^\ We have Li+L2 = A + 2>4 
and Li, L2 are odd hence Li or L2 > 3, say Li > 3. Write 

a^^z-'a^'' = (g a^^^"^ zJ a^'^ a (g a^^^^z-'a^^. 

If Li = 3 then the tensor product a a^^^'^z'-^a^^ is equal to az'^a'"^ 
hence a = a^z^^a^^ satisfies 

7r(xa)(^') = A2A,Al,{X) - AiAl,{X) 

^A3iX)AUX). 

If Li > 3 (i.e. Li > 5), then the tensor product a ® a^^~^ z'' a'"^ is equal 
to a^^-'^zJa^^ a^^-^zJa^''. We get 

7r(Xa)(X2) = A2Al,-2Al,{X) - Al,-2Al,{X) - AL,-iAL,{X) 

^ AlAX)Al,{X). 

- From now on, we suppose that there are more than three factors a^' in a 
i.e. K >'i. We will have to distinguish three cases: Lk = ^jLk — 3 and 
Lk>5. 

If 5 < Lk < J2i write Lk — rriK + 2. Then we have rriK > 3, so 



a^'z-^' . 




















= a^'z-^' . 


. . a™^ 




0a^i 






^ a 






= a^'z''' . 


. . a™^ 


a2 


0a^i 






a-^iz-'i . 





Then 

7t{xc.){X^) ^Al,... Al^_,A„,^A2{X) -Al,... A„,^{X) - Al, . . . A„,^^2{X) 
^ Al,...Al^_,AlAX). 



If viK — 1, i-C. Lk = 3, we proceed in the same way using 

a^^z-^i . . . z'^'^'^a^ = a^iz-^i ... a a^^ z-^^ . . . z'^'^-^a. 

To conclude the induction, one has to deal with the case Lk = 1- We 
have to distinguish the following cases: 
If Lif_i > 4. We have 
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Then 

^(Xa)(^') = . . . Al^_,-iAMX) - . . . Ai^_,-2Ai(X) 

= Al,...Al^_,A,{X). 

If Lk~i = 2 and Ji<-_i + = mod s, we can proceed in the same 

way using 

The last case to deal with is L/^_i = 2 and Jk-i + Jk-2 7^ mod s, 
and again we can conclude thanks to 

o^^z-'i . . . z-'^-^^o^z-'^'-ifl = . . . a^^-^z-'^^^a ® az-^^-ifl e o^^z-^i . . . ^JK-2+JK-l^ 



□ 

As a corollary, we can get the result also proved in [4] (see Theorem 9.3): 

-s+ 
N 



Corollary 2.2. Let be an irreducible corepresentation of C{H'j^) with a 
a'-^z^^ ...a'^". Then 

k 

dim(r„) = JI^z^(Va^). 

i=l 

Proof. We have dim(rQ) = ^c(H'+)i^'^) ~ ^c(S^) ° '"'(Xa) since tt is a morphism of 
Hopf algebras. But the counit on C(S'^)o is given by the evaluation in N . Indeed, 
an immediate corollary of Theorem 11.141 and Proposition ll.lSi is e(nt) — Iit{N) for 
all polynomials lit, which form a basis of Now by the previous proposition 

AXc.){x) = n-=i^i.(V^), then ec(s+) O7r(xo) = nti^;.(^)- □ 



3. HAAGERUP PROPERTY FOR QUANTUM REFLECTION GROUPS 

In this section we show that duals of the quantum reflection groups C{Hp') = 
C{'Zs) *w C{S'I^), s > 1 have the Haagerup property for > 4. 

We still denote by tt the canonical surjection tt : C{Hp') C{S^) and by 
ipx = evx the states on C{S^) ~ C{[0,N]) used to show that C{S^) have the 
Haagerup property (see [7]). Essentially, we are going to use both morphisms 
TTjipx in this way: we can define states (px composing these maps, tpx ° tt, where tt 
sends characters of C(i?^) on characters of C(S'^). Thus, we obtain states on the 
central algebra C{H'^)o and, after checking that these states have some decreasing 
properties, we can use the Theorem 11.21 and conclude. 
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Lemma 3.1. Let ipx, x G [0,A^] the states given by the evaluation in x on the 
central C* -algebra C{S^)o. Then for all x G [0, A^], (p^ — ipx ° "is a state on 

Proof. One just has to note that tt is Hopf *-homomorphisin and hence sends 
C{Hp~)o to C{S^)o. Then V'a; o tt is indeed a functional on C{Hp~)o. The rest is 
clear. □ 

Notation 3.2. We introduce a proper function on the monoid S (see Theorem 
\1.2U\) . Let L be defined by L{a) — X]i=i f^''' — a'^-Z"'^ • • ■ . Notice that for 
all R > the set = ja = a''^z^^ . ..a'"'" : L{a) = X^i^i h < C S is finite. 
Thus we get that a net {fa)aes belongs to co{S) -4=> Ve > 3R > : Va G 
5, {L{a) > R ^ \fa\ < e). We say that a net {fa)a converges to as a ^ oo if 

{fa)a e Cq{S). 

Proposition 3.3. Let N > 5 and let Xa be an irreducible character of C{Hp") 
associated to the irreducible corepresentation r^ with a = a^'^z^'^a^^ . . . a'''° . Then 
for all X G [0, N] 

k 

dim(r„) dim(r„) f}^ Ai^{^/N)' 

Moreover Ca{x) converges to as a oo for all x G [4, A'^). 

Proof. Let a — a^^ z^^ . . . 0'*=° . We obtain the first assertion using Proposition 12.11 
and Corollary [O 

TTixcKX) =Ai,...Ai,jVx), 
d„ := dim{r^)^Y[Ai,{VN). 

i=l 

Now, fix e > 0. 

By Proposition II. 8[ for any fixed x G (4, A^), there exists a constant < c < 1 
such that "^^^^ < ( for all / > 1. Then 



AiiVN) - WN 



a— J- 00 



□ 



Proposition 3.4. (Case N — 4) Let Xa be an irreducible character of C{Hl^) 
associated to the irreducible corepresentation ra with a = a^^z^^a^'^ ...0'*"°. Then 
for all X e [0,4] 

k 

dim(rQ.) dini(ra) ^J;^ ^(,(2) 

Moreover Ca{x) converges to as a ~^ 00 for all x G (0,4). 
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Proof. The proof of the first assertion is similar to the one of the previous proposi- 
tion. For the second assertion, we use Proposition ll.lOl We recall that we proved 
in that proposition that there exists a constant D < 1 such that for all x e (0, 4) 
and alH > 1 

Let e > and x E (0, 4). We want to prove that, 
j4 f /x^ 

(3.2) Y[ < e for a large enough. 

i=i '■^^ ' 

By p.ip . there exists a, K > Q such that Hi^i ^Ai ^) < ^ all a € 5 with 

AAJIe) 

ka > K- But by Proposition 11.101 there is also an L > such that ^ < e for 

all / > L, since this quotient converges to 0. 

Now let a = a'^z^^ . . . a'*-" G S, with L{a) > LK. Then either ka > K, or there 
exists io G {1, . . . ,ka} such that li^ > L. In both case we can get 



ka 



n 



11 AiM - A,,J2) ' 
each factor of the product being less that one. □ 

Then we can prove the theorem: 

Theorem 3.5. The dual of has the Haagerup property for all N > 4. 

Proof. We follow the proof in [6j for . We prove that the dual of Hp' has the 
Haagerup approximation property for all A'^ > 4 using both previous propositions. 
Consider the net (T^J^^^^ with In = (4, iV) if > 5, In = (0, 4) if iV = 4 and 

= 

The 4>x are states on C(i?^)o so, by Theorem 11.21 the T^^ are a unital contrac- 
tions of L'^{Hp'), and their restrictions to L°°{IIp') are NUCP /i-preserving maps. 
Moreover, Proposition 13.41 in the case = 4 and Proposition 13.31 in the cases 
N > 5, together with the fact that the Pa are finite rank operators, show that for 
each x E In, the operator T^^ is compact. To conclude one has to show that for 
all X e In, 

(3.3) ll^'^^a - alka 

for all a e L°"{H'^) (via a e L°"{H'^) ^ L'^{H'^)). First let us prove that 
it is true for any element a E Pol{II'^) i.e. any linear combination of matrix 
coefficients U"^ of irreducible corepresentations of C{IIp') (by linearity, we can 
do that only for the elements U"j). Notice that if a = a'^z^^ . . . z^'=°-ia''''° then 
a = a^"" . . . z^Jia'i = a^"" z'*-J'=c-i . . . z^-Jia'i . Thus by Proposition O 
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(t>xiXa) ^ipxo T^iXa) = ipx o n{xa) = (l)x{Xa)- Hence, 

m.u^ - f/^-iu. = iif/^-iu, (^1 - n , 

so let a; — > iV and the assertion p.3p holds for all these matrix coefficient. Now by 
L^-density of Pol{H^) and the fact that all T^^, x G In, are unital contractions 
(and thus are uniformly bounded), we obtain that p.3p is true for any a G L'^{Hp'). 

□ 

Remark 3.6. In it is proved that there is a *-IIopf algebras isomorphism 
between C{II^) and C*{1s * x Z2) (see Example 2.5 and thereafter in that 
paper). Furthermore, the Haar state on C*{'Ls) *w C{S^) is given by h = hi h2 
where /12 is the Haar state on C{S^) and hi is the free product of the Haar states 
on C*{'Zs)). Then, it is clear that H!^'^ has the Haagerup property by the stability 
properties of the Haagerup property on groups (see e.g. [5] J 

The algebra C{H^+) is more complicated and does not reduce to a more compre- 
hensive tensor producer as for the case N = 2. We are unable at the moment to 
prove that H^^ has the Haagerup property. 
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